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The resistance r(G) of a graph G is the minimum number of edges that have to be 
removed from G to obtain a graph which is A(G)-edge-colorable. The paper relates 
the resistance to other parameters that measure how far is a graph from being A-edge- 
colorable. The first part considers regular graphs and the relation of the resistance to 
structural properties in terms of 2-factors. The second part studies general (multi-) graphs 
G. Let r v (G) be the minimum number of vertices that have to be removed from G to 
obtain a class 1 graph. We show that -jrj^ < [^r^J > an d that this bound is best possible. 

1. Introduction and definitions 

We consider finite (multi-) graphs G = (V, E) with vertex set V and edge set E. The 
graphs might have multiple edges but no loops, and throughout this paper we assume that 
the graphs under consideration are connected (otherwise we will mention this explicitly). 
Terms and concepts that we do not define can be found in [0]. A /c-edge-coloring of a 
graph G = (V, E) is a function <fi from the edges of G to a set C of k colors, such that 
adjacent edges receive different colors. The minimum number k such that G has a k-edge- 
coloring is the chromatic index of G, and it is denoted by x\G). Clearly, A(G) < x'(G). 
If x'(G) = A(G), then G is class 1, otherwise it is class 2. 

Let G be a (multi-) graph. The resistance r(G) of G is the minimum number of edges 
that have to be removed from G to obtain a A(G)-edge colorable subgraph H. In [ [6] 
such subgraphs H are called maximum A(G)-edge-colorable subgraphs, and it is shown 
that A(H) > |A(G) for any maximum A(G)-edge-colorable subgraph H of G, and if G 
is simple, then A(H) = A(G). 

Furthermore, let r' v denote the minimum number of vertices that have to be removed 
from G to obtain a graph H with x'{H) < A(G). A modification of this parameter is 
r v (G) which denotes the minimum number of vertices that have to be removed from G to 
obtain a class 1 graph. 

The oddness ^(G) of a cubic graph G is the minimum number of odd cycles in a 2-factor 
of G, if G possesses a 2-factor, and is infinite, otherwise. This notion was explicitly used 
first by Huck and Kochol in [ [2] to prove the double-cycle-cover-conjecture (CDCC) for 
cubic graphs with oddness 2. Implicitly it appears already in Jaeger's paper [[3], when 
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he proved the 5-flow conjecture for graphs with oddness 2. This parameter gives us some 
information about how far the graph is from being class 1. Clearly G is 3-edge-colorable 
if and only if £s(G) = and ^(G) is always even. There are some applications of this 
parameter. For instance, in [[TJ the CDCC is proved for cubic graphs with oddness 4, and 
in [ QT] it is shown that cyclically k-edge connected graphs have a nowhere- zero 5-flow if 
&>§£ 3 -3. 

This paper generalizes the notion of oddness to regular graphs. Recall that a subgraph 
of a graph is called spanning, if the vertex set of the subgraph coincides with that of 
the graph. A subgraph of a graph is called a fc-factor, if it is spanning and /^-regular. 
Petersen [[7] showed that every 2n-regular graph G (n > 0) has a 2-factorization, that is, 
a decomposition of E(G) into n 2-factors. Let G be a 2r?,-regular graph, and J-%{G) be 
the set of all 2-factorizations of G. Let T G T^{G) then o{J-) denotes the number of odd 
cycles in T\ note that J 7 consists of n edge disjoint 2-factors of G. 

Let G be an s-regular graph. We define the oddness of G, to be 

£(G) = min{o(F)|F G 7" 2 *((7)}, if s is even, and 



= min{£((r — is a 1-factor of G},if s is odd, and G has a 1-factor, 

and let us define it to be infinite, otherwise. 

Let G be an s-regular graph. A 2-factor of G with odd (only even) cycles is called an 
odd (even) 2-factor. Let J 7 be a 2-factorization of G, then every 2-factor has a 2-coloring 
that leaves precisely one edge uncolored in each odd cycle. Such an edge-coloring is called 
a canonical coloring of G. (If s is odd one has to add one 1-factor.) 

Following [[TU] the resistance of an s-regular graphs is denoted by r{G). 

In the second section we study regular (multi-) graphs and the relation between the 
resistance and the oddness. We show that for every n there is an s-regular graph G such 
that r(G) = and that these parameters can be arbitrary far apart even for s-graphs. 

The concept of an s-graph was introduced by Seymour in [ [5] as a generalization of that 
of a bridgeless cubic graph. Thus, our results can be considered as a generalization of the 
corresponding results obtained in [[TO]. 

In the third section we study general (multi-) graphs G. Clearly, r' v (G) < r v (G), and 
we show that the difference between these parameters can be arbitrary big. We also show 
that t^), r^G) — L^r^J' an d that these bounds are best possible. While in general case 
r v (G) and r' v (G) are different, it can be easily seen that they are the same for the case 
of cubic graphs, and the last inequalities can be considered as a generalization of the 
corresponding results for cubic graphs that was first proved in [[9]. 

2. Regular graphs: Oddness and resistance 

Throughout the paper we will use the following well-known generalization of the Parity 
Lemma. For the sake of completeness we add a short proof. 
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Lemma 1 Let G be a graph whose edges are colored with colors 1, . . . ,c, and let ai be 
the number of vertices v in G such that no edge incident to v is colored i. Then for all 
i = l,...c: a t = \V(G)\ (mod 2). 

Proof. For i = 1, . . . , c let Ei be the set of edges which are colored with color i. Then 
at = \V(M)\ - 2\Ei\, and hence a* = \V(G)\ (mod 2). □ 

Clearly, the oddness can be odd only for graphs of odd order. The first part of this 
section proves results which are true independent from the order of the graphs. 

Lemma 2 For every s-regular graph G, the following statements are equivalent: 

1. r(G) = 0. 

2. = 0. 
3- x'(G) = s. 

Proof. (1 =>• 2, 3) Since G is regular, r(G) = implies that G is of even order and 
x'(G) = s. Every color class is a 1-factor of G and hence = 0. 

(2 =>■ 1) £(Cr) = implies that E(G) can be partitioned into edge-disjoint 1-factors. 
Hence x\G) = s. 

(3 =>- 1) x!{G) = s means that the graph G is s-edge-colorable, hence the minimum 
number of edges that should be removed from G in order to obtain an s-edge-colorable 
subgraph, is zero, that is, r(G) =0. □ 

Lemma 3 For every s-regular graph G: r(G) < 

Proof. The cases s = 0, 1 are trivial, since r(G) = 0, and £(G) is infinite. For s > 2 
the proof will be given by induction on s. The case s = 2 is trivial again, while the case 
s = 3 is shown in [ [TU] . Now, choose a 2-factor F with k odd cycles in a minimum 2- 
factorization of G, that is, in a 2-factorization of G that contains £(G) odd cycles. Adding 
F to G — F and extending a (s — 2)-coloring of G — F with at most £(GQ — uncolored 
edges yields an s-coloring of G with at most £ (G) uncolored edges. By induction, we have: 
r(G — F) < £(G — F) — £(G) - k. Therefore r(G) < £(G). □ 

Lemma 4 If there is a 2-factor containing all £(G) odd cycles of a 2-factorization of an 
s-regular graph, then x'(G) < s + 1. 

Proof. Suppose there is 2-factor F containing all odd cycles of a 2-factorization 
of G. Then the edges of the 2-factor F can be colored with three colors and the edges 
of each of the remaining 2-factors in J 7 can be colored with two (fresh) colors. Hence 
X'(G) < 3 + 2(|^| -l) = s + l. 

□ 



4 



2.1. Regular graphs of odd order 

This section considers s-regular graphs of odd order, i.e. s is even. 

Proposition 1 Let G be an s-regular graph of odd order, then r(G) > | and > |. 

Proof. Let 2n + 1 (n > 1) be the order of G. Then s is even, say s = 2k (k > 1), and 
|-E>(Cr)l = + and every color class has at most n edges. Thus r{G) > |. Lemma [3] 
implies that £(G) > f . □ 



Proposition 2 Let G be an s-regular graph of odd order. Then the following statements 
are equivalent: 

1. r(G) = §. 

2. £(G) = §. 

3. The graph G has a 2- factorization J 7 in which every 2-f actor F contains precisely 
one odd cycle. 

Proof. Let G be of order 2n + 1 [n > 1) and s — 2k (k > 1). 

(1 =^ 2) Let c be a minimum 2A;-coloring of G with colors 1,2, ...,2fc. Let e\ = 
V1V2, • • • efc = V2k-\V2k be the uncolored edges. Since G is of odd order, it follows from 
Lemma [T] that every color is missing at precisely one vertex, say color i is missing at 
vertex Vi. Then for every 1 < i < k, the union of c _1 (2i — 1), c^ 1 {2i) and edge forms a 
2-factor of G with precisely one odd cycle. Therefore < |, and by Proposition [T] it 
follows that £(G) = f . 

(2 ^> 3) Since every 2-factorization has k 2-factors, and each of them has at least one 
odd cycle, it follows that each 2-factor has precisely one odd cycle. 

(3 =^ 1) This 2-factorization allows an 2/c-coloring of G that leaves k edges uncolored. 
Now the statement follows with Proposition [TJ □ 

By Petersen's Theorem, every complete graph of odd order has a 2-factorization, and 
so proposition [2] implies the following corollary: 

Corollary 1 For the complete graphs of odd order: r 2 k{K2k+i) — ^2fc(-^2fc+i) = k, k > 1. 

2.2. Regular graphs of even order and s-graphs 
Lemma 5 Let G be an s-regular graph of even order, then: 



1. r(G) ^ 1, and 

2. r(G) = 2 if and only if £(G) = 2. 
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Proof. 1. Assume that there is an s-coloring of G, which leaves precisely one edge 
e = vw uncolored, i.e. v and w are the only vertices where colors are missing, say color 
a at v and (3 at w. Lemma [T] implies a = (3, and hence G is s-colorable, i.e. r(G) = 0, a 
contradiction. 

2. Suppose that £(G) = 2. Then by (1) and LemmaEl r(G) G {0, 2}. If r(G) = 0, then 
£(G) = by Lemma H Thus r(G) = 2. 

Suppose r(G) = 2. Then, by Lemma El £(G) > 2. Let c denote an s-coloring of G that 
leaves exactly two edges uncolored, and let e = vw and f = xy denote the two edges of G 
which are not colored by c. If e and / are adjacent, say v = x, then two different colors 
a and j3 are missing at v. Lemma [1] implies that, say a, is missing at w. Thus r(G) < 2, 
contradicting the choice of c. 

Thus we can assume that e and / are not adjacent. Let a and j3 be the colors missing 
at vertices v and w, respectively. The choice of c implies that a ^ (3. It follows with 
Lemma [T] that a and /3 are missing at precisely one vertex of /. Therefore c~ 1 (a) and 
c~ 1 ((3) together with e and / induce a 2-factor of G with precisely two odd cycles. All 
other color classes are 1-f actors and therefore £(G) = 2. □ 

An s-graph is an s-regular graph G such that |<9g(X)| > s for every odd set X C V(Cr), 
where do(X) is the set of edges of G connecting X to V(G)\X. 
The following proposition will be used frequently: 

Proposition 3 Let G be an s-graph (s>l). Then: 

1. the graph G has an even number of vertices; 

2. the oddness £(G) is even; 

3. if G is connected, then it is 2-connected, unless G is the trivial graph K.2- 

For % — 0, . . . , n let Gi be graphs, ViWi = G E(Gi), and let G = Y^=o G% be the graph 
obtained from Gi — by adding edges as follows: If n = 2k, then add edges t>2ji>2j+i) 
W2j+iW2j+2 (0 < j < k — 1) and i^wo, and if n = 2k — 1, then add edges t^^j+i, 
■^2^+1^2^+2 (0 < i < A; — 1) where the indices are added modulo 2fc. 

Lemma 6 For z = 1, . . . , n, let Gi be s-graphs, then G = Y^=i is an s-graph. 

Proof. G is s-regular and of even order. We have to show that |<9g(X)| > s for any 
odd set X C V(G). We may assume that G[X] is connected, and let Xi = X D ^(Gj) 
(i — 1, . . . ,n). Since |X| is odd it follows that there is 1 < j < n such that \Xj\ is odd. 

If X = Xj then - independent from whether Vj,Wj G X - it follows that |<9g(AT)| > 
\d Gj (X)\>s. 

In any other case we have that \dc(Xj)\ > \dcj{Xj) \ — 1 > s — 1. Since G is 2-connected 
it follows that \d G (Xj)\ > s. □ 



Lemma 7 For eac/i positive integer k, there is an s-graph Ok (s > 3) such that r{Ok) = 
2fc + l = £(0*)-l. 
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Proof. Let M be a 1-factor of the Petersen graph P. The Meredith graph M s is a 
graph which is obtained from P by adding s — 3 copies of M. It can be easily seen that 
the Meredith graph M s is an s-graph, and it is unique up to isomorphism. Meredith [[5] 
showed that x'(M s ) = a + 1. 

Since x'(M s ) = s + 1, it follows easily from Lemma [5] that r(M s ) = 2, and so also 
£(M S ) = 2. Also note that x'(M*) = s + 1 and r(M s ) = 2 imply that x'(M* - e) = s + 1 
for each edge e. 

Take 2k + 1 copies — e , . . . , H 2 k — &2k of the Meredith graph M s — e, where e = vw 
is a simple edge and = t^u^ for all z £ [2fc]. 

Let Q be an s-coloring of i7j — e, that leaves exactly r{Hi — e») = 1 edges uncolored, 
and such that the color 1 is missing at wq and i>j for % = 2, ... ,2k, color 3 is missing at i>o 
and V\, and color 2 is missing at Wi for z = 1, . . . 2k. 

Such colorings of M s — ej exist and it is possible to extend such a coloring to an s- 
coloring of Ok = Y^t=o ^i- Hence r{Ok) < 2k + 1 and since Ok contains 2k + 1 pairwise 
disjoint copies of M s — e, it follows that r(Ok) = 2k + 1. 

On the other hand it is easy to see that there is a 2-factor of Ok which consists of a 
cycle C of length 5(2k + 1), and Vi,Wi £ V(C) for all < % < 2k, and of 2k + 1 cycles 
Co, . . . C 2 fc of length 5, and Cj covers the 5 vertices in ifj which are not in C. Since £(Ofc) 
is even and greater or equal to r(Ofc) = 2A; + 1 the statement follows. □ 

The construction above with an even number of copies of M s — e yields an s-graph G 
with r(G) = k = for every even number k. For 2-regular graphs we have r 2 = ^2> 
and the oddness is an upper bound for the resistance of a graph by Lemma [31 It is a nat- 
ural question, whether the oddness of a graph can be bounded in terms of its resistance. 
However, the following theorem and corollaries show that resistance and oddness can be 
arbitrary far apart in s-graphs. 

Theorem 1 For all s > 3, if there is a constant t > 1 and an s-graph H with r(H) > 2 
and t(r(H) — 2) < £(H) — 2, then there is no constant c such that 1 < c < t and 
£(Cr) < cr(G), for all s-graphs G. 

Proof. We show that there is a sequence of graphs G\, G 2 ■ ■ ■ , such that for any c < t 
there is a A; such that £(Gfc) > cr{Gk)- 

Let c be an s-coloring of H that leaves r(H) edges uncolored. Let G\ = H, then 
> t(r(Gi) — 2) + 2 by our assumption. 

Let k > 2, and suppose that we have constructed s-graphs G\, ...,Gk-i with r(Gj) = 
jr(G 1 ) - 2(j - 1) and £(Gj) > ji{G x ) - 2(j - 1) for all j £ [k - 1]. 

Suppose that Ck-i and c\ are s-colorings of Gk-i and G\ that leave r(Gk-i) and r{G\) 
edges uncolored, respectively. We may assume - by appropriate labeling of the colors - 
that there is an uncolored edge vw in Gk-i and an uncolored edge xy in Gi where the 
same colors are missing, say color 1 at v and x and color 2 at w and y. 

Let Gk be the graph obtained from Gk-\ — vw and Gi — xy by adding the edges e = vx 
and / = wy. Gk is an s-graph by LemmaO and the colorings Ck-\ and C\ can be extended 
to a coloring of Gk with r{G\.-\) + r (G\) — 2 uncolored edges. 
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Assume that there is a coloring of G k with less than r(G k -i) + f(Gi) — 2 uncolored 
edges. This implies that G k [V(Gi)} or Gfc[V(Gfc_i)] contains at most r(Gi) —2 or at most 
r{Gk-x) — 2 uncolored edges, respectively. Thus we can obtain a coloring of G\ or of G^-i 
with at most r(G\) — 1 or with at most r(G k -i) — 1 uncolored edges, respectively, which is 
a contradiction. Thus r(G k ) = r(G k _ 1 ) + r(G 1 )-2 = kr{G x )-2{k-l) = kr(H)-2(k-l). 

We will show that £(G&) > fc£(Gi) — 2(k — 1). Let J 7 be a minimum 2-factorization of 

G, and recall that {e, /} is a 2-cut in G k . 

If e and / do not belong to any 2-factor (i.e. s is odd), then, since J 7 is a minimum 
2-factorization, £(G k ) > S(G fc _ x ) + £(G X ) > (k — l)f (d) - 2(A; - 2) + £(Gi) > A£(Gi) - 
2(fc- 1) = k£(H)-2(k-l). 

If e and / are edges of a 2-factor of G k , then there is one 2-factor F of J 7 and one 
cycle G in F with e, / € E(C). Thus F induces a 2-factor in Gfc_i and Gi and it adds at 
most one odd cycle to the odd cycles of F in G[V(G k -i)] and in G[V(Gi)]. Furthermore, 
these are 2-factorization of G k -i and G\. Thus > £(Gfc_i) — 1 + £(Gi) — 1 > 

(Jfe - l)^(Gi) - 2{k - 2) + £(Gi) - 2 = fc^(Gi) - 2(fc - 1) = fc$(H) - 2{k - 1). We restate 
this result as £(G k ) > k{£,{H) - 2) + 2. 

Thus Hindoo > lim^^oo > limfc^oo k ^H)-2)+2 = f ' and hence there is 

no constant c < t such that £(G) < cr(G) for all s-graphs G. □ 

With the same construction as in the proof above, we obtain the following corollary. 

Corollary 2 If there is a constant t > 1 such that for all s-graphs G, £(G) < tr{G), then 
£(K) < tr(K), for all class 2 s-graphs K (i.e. the bound is not attained). 

Proof. Assume there is a class 2 s-graph K such that £(K) = tr(K). Take two copies 
of K — e (e G E(K) and there is an s-coloring of K that leaves r(K) edges uncolored; 
moreover e is also uncolored) and connect them by adding two edges to obtain the s-graph 

H. As in the proof of Theorem QJ we infer r(H) = 2{r(K) - 1) and £{H) > 2{^(K) - 1). 
Thus £(H) > 2(£(K) - 1) = 2tr(K) -2 = tr(H) + 2t - 2 > tr(H), since t > 1. □ 

Graph 0\ of Lemma [7| has resistance 3 and oddness 4. Therefore it immediatly follows 
with Theorem [TJ 

Corollary 3 For all s > 3, there is no constant c such that 1 < c < 2 and £(G) < cr(G), 
for all s-graphs G. 

For s = 2, s-graphs are s-colorable, hence r = £ = 0. For larger values of s we have by 
Lemma [5] that £(G) = 2 if and only if r(G) = 2. However, if the resitsance is bigger than 
3, then it is not clear whether there is a general upper bound for the oddness in terms of 
the resistance. We state the following problem: 

Problem 1 For s > 3: does there exist a function f such that £(G) < f(r(G)) for each 
s- graph G. 
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3. Measures of edge-uncolorabilty for general graphs 

Recall that for a graph G, r v (G) denotes the minimum number of vertices that have to 
be removed from G to obtain a class 1 graph, that is a graph H with x'{H) = A(H), and 
r' v {G) is the minimum number of vertices that have to be removed from G to get a graph 
K with "x!{K) < A(G). It is clear that r' v (G) < r v (G). The following proposition shows 
that their difference can be arbitrary big. 

Proposition 4 For each positive integer k, there is a graph G& with r v (Gk) — r' v {Gk) = k. 

Proof. For i — 0, 1, k let Hi be a multi-triangle with vertices a,i,bi,Vi. Let H be the 
triangle where every edge has multiplicity 2. For 1 < i < k, let Hi be the triangle with 
two edges of multiplicity 2, and one simple edge, say a^. Consider the graph Gk obtained 
from H , Hi,...,Hk by adding the edges &o«i, &i«2, • • • , bk-icik- It can be easily verified that 
A(G fc ) = 5, r(G k ) = 1, r' v (G k ) = 1 and r v (G k ) = k + 1. □ 



Theorem 2 For every graph G the following inequalities hold: ijrjoj < 

A(G) ' 
2 



A(G) 



and 



KG) < 



<(G) 



Furthermore, the bounds are best possible. 



Proof. Since r(,(G) < r v (G), it suffices to prove only the second inequality. 

For the proof of this inequality, let us assume that r' v (G) = k and let V = {v±, Vk} 
be a set of vertices, such that x'(G — V) < A(G). For i — 0, k define the graph as 
Gi — G — {v i+1 , Note that G = G - V and G fc = G 

Also, for a graph H define r^ G \H) as the minimum number of edges that should be 
removed from H to get a A (G) -edge-colorable subgraph. Observe that r^ G \G ) = and 
r^ G \G) = r{G). 

Note that since r^ G \G ) = 0, it suffices to show that for i — 1, k 



r^ G \G l )<r^ G \G^ l ) + 



A(Gj 



Let 0,- _i be a A(G)-edge-coloring of that leaves r^^(Gj_i) edges uncolored. As- 
sume that uses the colors {1, A(G)}. We will describe an algorithm that from 

constructs a A(G)-edge-coloring 9i of Gj that leaves at most r^^(Gj_i) + edges 

uncolored. Clearly, this will prove the required inequality. 

Let ei, ej be the new edges of Gj, i.e. the edges that are incident to Vi in Gj. Consider 
as a A(G)-edge-coloring of G«, in which the edges e\,...,ei are left uncolored and 
C(vi) = {1, A(G)}, where, for a vertex v, C(v) denotes the set of colors missing at v. 

Repeatedly, apply the following rules until none of them is applicable. 

Rule l:if there is an uncolored edge ViU and a color a G C(vi) fl C(u), then color the 
edge ViU by a; 

Rule 2: if there is an uncolored edge ViU, a G C(vi), f3 G C(u), such that the a — (3 
alternating path starting from vertex u does not come back to v iy then exchange the colors 
a and j3 on this path, color the edge v(a by a; 
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Rule 3: if there are uncolored edges ViU, ViW (u 7^ w), a G C(u) fl C(w), (3 G C(vi), 
7 G C(vi), such that the a— /3-alternating path starting from vertex u and a— 7-alternating 
path starting from vertex w share an edge v(v (v 7^ w, to) colored by a, then color the edge 
ViW by a, clear the color of the edge v(v and exchange the colors on the a — /3-alternating 
path starting from vertex u. 

Let 9i be the resulting edge-coloring of Gj. We claim that there are at most (Gj_i)+ 



A(Gj) 



uncolored edges in Gj 



Note that none of the rules 1,2 and 3 changes the number of uncolored edges that 
belong to Gj_i. Thus, it suffices to show that there are at most A ^ uncolored edges 
adjacent to V; L in Gj. 

Let u±, Up be the vertices of Gj_i that are connected to ^ by an uncolored edge of 0,, 

(2) 



and let ej 1 ^, ej^ be the uncolored edges that connect vertices Vi and ui, ej^ +1 , 



be the ones that connect vertices t>j and ti 2 ,..., ej^ + +fc +fcp be the ones that 



connect vertices t> j and it p . 



» 



Let C(uj) = \ ...,(3^'} for j = 1, and also let C(vi) = {a±, ...,a s }. Note that 
tj > kj and s > k± + ... + k p . Moreover, since the rules 1,2 and 3 are not applicable, we 
have: 

• for any a G C(vi) and /3 G C(uj), the a — j3 alternating path starting from vertex 
Uj ends at vertex Vi, which means that any uncolored edge e connecting vertices Vi 
and Uj lies in an odd cycle C e a ^\ 



? Cj) 



• C(u q ) n G(w r ) = 1 < g < r < p. 
Consider the cycles: 



e (1) 4 1 ' 
° ' ° o(l) ' 



c 



'fcl + 1 



.^r fe 1 +fe 2 
„(2) ; •••) ( - / a (2) ) 



c 



» „(p) 

'*! + .. - + fc p _l + l ^y e fe 1 +...+fep 

«(p) ' ■"' ^ a(p) ' 

"fcl+...+fcp_l + l:Pl a fcl+...+fep'Pfe p 



These cycles are edge-disjoint in the neighborhood of v iy thus with any uncolored edge 
adjacent to Vi there is a unique colored edge adjacent to it. This shows that is adjacent 



to at most 
inequality. 



< 



A(Gj) 



uncolored edges and completes the proof of the second 



It remains to show that the bounds are best possible. We show that for each A > 2 



there is a A-regular graph Ga with r<y f r ^\ = r -M$K 

■ r v (GA) r' v (GA) 



A(G) 
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Case 1: A = 2k. Let G A be the complete graph K 2 k+i- Observe that A(K 2 k+i) 



2k, 



r{K 2k+ i) = k and r v (K 2k+1 ) 

A(G A ) 



2k+l) 



1. Thus: r(G A ) = r v (G A ) 



A(G A ) 
2 



<(G A ) 

Case 2 
shown in 



2 

A = 3. Let Ga be any cubic graph that is not 3-edge-colorable. Then, as it is 
Mr(G A ) = r v (G A ) = r' v (G A ). 
Case 3: A = 2k + 1 > 5. Let H be the graph obtained from K 2 k+i,2k+i by subdividing 
one of its edges. Take k copies of the graph H and identify the vertices of degree two to 
get the graph G. Now, take two copies of G and connect the vertices of degree 2k by an 
edge to get the graph G A . Then A(Ga) = 2fc + l, r{G A ) = 2k and r v {G A ) = r' v {G A ) = 2. 



Thus: r(G A ) = r v (G A ) 



REFERENCES 



A(G A ) 



A(G A ) 
2 



□ 



6 



A. Huck, On cycle-double covers of graphs of small oddness, Discrete Math. 229 (2001) 
125-165. 

A. Huck, M. Kochol, Five cycle double covers of some cubic graphs. J. Combinatorial 
Theory Ser. B 64 (1995) 119-125. 

F. Jaeger, Nowhere- zero flow problems, in L. W. Beinecke, R. J. Wilson (ed.), Selected 
topics in graph theory 3, 71-95, Academic Press, San Diego, CA, 1988. 

L. Lovasz, M.D. Plummer, Matching theory, Ann. Discrete Math. 29, North-Holland 
Publishing Co., Amsterdam 1986 

G. H. J. Meredith, Regular n-valent n-connected non-Hamiltonian non-n-edge- 
colorable graphs. J. Combinatorial Theory Ser. B 14 (1973) 55-60. 

V. V. Mkrtchyan, E. Steffen, Maximum A-edge-colorable subgraphs of class II graphs, 



submitted, (available at: http://arxiv.org/abs/1002.0783) 
7. J. Petersen, Die Theorie der regularen Graphs. Acta Math. 15 (1891) 193-220 

P. D. Seymour, On multi-colourings of cubic graphs, and conjectures of Fulkerson and 
Tutte, Proc. London Math. Soc. 38 (1979) 423-460 

9. E. Steffen, Classifications and characterizations of snarks, Discrete Math. 188 (1998) 
183-203. 

10. E. Steffen, Measurements of edge-uncolorability, Discrete Math. 280 (2004) 191-214. 

11. E. Steffen, Tutte's 5-flow conjecture for highly cyclically connected cubic graphs, Dis- 
crete Math. 310 (2010) 385-389. 



